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Abstract

Transferring representation for multitask imitation learning has the potential to pro-
vide improved sample efficiency on learning new tasks, when compared to learning
from scratch. In this work, we provide a statistical guarantee indicating that we can
indeed achieve improved sample efficiency on the target task when a representation
is trained using sufficiently diverse source tasks. Our theoretical results can be
readily extended to account for commonly used neural network architectures with
realistic assumptions. We conduct empirical analyses that align with our theoretical
findings on four simulated environments—in particular leveraging more data from
source tasks can improve sample efficiency on learning in the new task.

1 Introduction

Imitation learning (IL) is a common approach to learn sequential decision making agents—it involves
imitating the expert through matching distributions induced by the expert demonstrations [Osa
et al., 2018[]. However, current methods require thousands of demonstrations even in simple tasks
[Mandlekar et al.| [2022] Jang et al.| [2021} |Ablett et al.l |2023]]. Acquiring large amounts of data can be
expensive and even infeasible in domains including robotic and healthcare applications. To address
this challenge, empirical research has proposed transferring part of the agent trained from one or
more tasks to a target task with the goal of improving sample efficiency on the target task [Brohan
et al.| 2023} [Hansen et al., 2022, Jang et al., [2021} |Li et al.,2022]. In this paper we show how much
sample efficiency on the target task improves, compared to training an agent from scratch, when we
transfer a pretrained representation to the target task via multitask imitation learning (MTIL).

We have three main contributions: (1) Although|Arora et al.|[2020] has investigated the benefits of
representation transfer, their result does not relate the target task and the source tasks. We cannot
guarantee that transferring the representation to a particular target task can yield any benefit. Inspired
by Tripuranenti et al.|[2020], we provide an analysis that relates the source and target tasks via the
notion of task diversity. (2) This line of work [Arora et al.,|2020, Tripuraneni et al.| 2020, Maurer
et al., 2016] relies on Gaussian complexity, in this paper we instead use Rademacher complexity
and provide a tighter bound by a log factor than using Gaussian complexity. Our result is due to the
objective of behavioural cloning, where the method aims to minimize the Kullback—Leibler (KL)
divergence between the expert and the learner [Xu et al., 2020]]. The consequence is that we can
connect our result with deep-learning theory, where commonly used neural networks are directly
quantified with Rademacher complexity [Bartlett et al., 2021]]. (3) Based on our theory, we further

*Work done during internship at Ocado Technology.
TEqual advising.

NeurIPS 2023 Workshop on Robot Learning: Pretraining, Fine-Tuning, and Generalization with Large Scale
Models, New Orleans, United States of America



conduct experiments to demonstrate that transferring representations from source tasks to target tasks
is a valid approach—the agent performs better as we increase the number of tasks and data.

2 Preliminaries

Sequential decision making problems can be formulated as Markov Decision Processes (MDPs).
An infinite-horizon MDP is a tuple M = (S, A, r, P, p,~), where S is a finite state space, A is a
finite action space, r : S x A — [0, 1] is the bounded reward function, P € A%, , is the transition
distribution over the states for each state-action pair, p € A€ is the initial state distribution over the
states, and y € [0, 1) is the discount factor. The agent interacts with the environment through a policy
7 € 11, which we assume to be stationary and Markovian (i.e. IT = Ajs“.)

The interconnection between the policy 7 and the environment M induces a random infinite-length
trajectory S, Ao, S1, A1, ..., where Sy ~ p, A, ~ 7(:|Sy), and Sp4+1 ~ P(+|Sh, Ar). The corre-
sponding discounted stationary state(-action) distribution for policy 7, which describes the “frequency”
of visiting state s (and action a) under m, can be written as v, (s) = (1 — ) Y. ;= Y"P(S), = s;7)
(and i (s,a) = (1 =) Y7o Y"P(Sh = s, A, = a;).)

For any policy # € II, the corresponding value function v™ : & — R is defined as
v™(s) = Erpp [Dreo¥"r(Sh, An)|So = s]. The optimal policy 7* is such that 7*(s) =
argmax, .y v (s), for any s € S (randomly breaking ties in the case of two or more maxima.) In
general, the goal is to obtain an e-optimal policy (i.e. v™(s) > v™ (s) — ¢, for any s € S.)

In imitation learning, the learner has no access to the reward function r and is given demonstrations
from the optimal (expert) policy 7* instead. The demonstrations form a set of N state-action
pairs {(sp, an)})_,, where (s,,,a,) ~ fir-. The goal is to obtain an e-optimal policy using the
demonstrations. Behavioural cloning treats this problem as a supervised learning problem and aims
to minimize the risk [Pomerleau, [1988]. The risk is defined as £(7) = E(; q)~p, . [€(7(s),a)],
where 7 € Il and £(-,-) : A" x A — RT is a loss function. This paper considers the log loss
l(m(s),a) = —logm(als), which is a surrogate of the 0-1 loss. The log loss is also equivalent to the
KL-divergence between the expert and the learner when the expert is deterministic.

3 Multitask Imitation Learning (MTIL) with Representation Transfer

We consider the transfer-learning setting where we are given demonstrations of 1" source tasks. We
define each task ¢t as an MDP with different transition distributions and reward functions, but with
the same state and action spaces. When the context is unclear, we use subscript, e.g. m;, to denote
the task-specific objects. Our goal is to leverage the demonstrations of 7" source tasks to learn an
e-optimal policy on a new target task 7 with better sample efficiency, when compared to learning
from scratch. To achieve this, we first learn a shared representation from the source tasks and transfer
it to the target task. During the transfer, we fix the representation and only learn the task-specific
mapping, similar to a finetuning procedure [Howard and Ruder, |2018| |Liu et al.l 2022].

Formally, we consider softmax parameterized policies of the form 7/+¢(s) = softmax((f o ¢)(s)),
where f € F is the task-specific mapping and ¢ € @ is the representation. We perform a two-phase
procedure for transfer learning: (1) learn a representation qb from the source tasks, and (2) learn a task-
specific mapping f such that nfé performs well on the target task. We call the phases respectively
the training phase and the transfer phase.

In the training phase, for each task ¢ of the 7" source tasks, we are given N state-action pairs
{(8tnyaen)N_ . Let f = (f1,..., fr), where f, € F is the task-specific mapping for task ¢, for
t € [T, which we write f € F®7 for conciseness. Then, we define the empirical training risk as

1 T N
Rtrazn(.fa . Nizz Stn at,n)a (1)

and the corresponding minimizer of equation|l|is QAS = argmin,cq Minge For Rirain (f, ).



In the transfer phase, we are given M state-action pairs {(s,,, @, )}M_, for a target task 7. With the
same loss function ¢ as equation (I} we define the empirical test risk as

Rtest(fT7 . ZK fﬂqﬁ Sm am)7 (2)

where f; € F is the task-specific mapping for task 7. We obtain a task-specific mapping that
minimizes equatlon I based on the representation (;5 obtained from the training phase. That is,

f = arg mlnfe}- Rtest(f7 ¢)

We perform empirical risk minimization (ERM) on both stages—the empirical risks allow us to
quantify the generalization error of the learner. Observing that the log loss corresponds to the
KL-divergence, we convert the generalization error to policy error. Finally, this allows us to establish
the sample complexity bound of achieving e-optimal policy based on the diversity of the source tasks.
The diversity is measured with a positive constant o, where larger o corresponds to higher diversity.
We now state our main theorem and defer the analysis to appendix

Theorem 1 (Transfer Imitation Learning Policy Error Bound.) Let T} be the optimal policy for the
target task T. Let ¢ be the ERM of Ryyqin defined in equationand let f, be the ERM of Ry.s: defined

in equation @by fixing QAS Let 0 > 0. Suppose the source tasks are o-diverse. With a deterministic
expert policy 7 and under some assumptions, we have that with probability 1 — 24,

« ;2 2V2
. _ wr _ ) softmax(frop)
Policy Error = ||v v loo < A=z 5V Egen + 2G, (3)

where €gen, = O (1/\/ o2NT, 1/\/M,9‘{NT(<I>)/U) is the generalization error, Ry (P) is the
Rademacher complexity, and ¢ € (0, 1) is a constant related to the policy realizability.

Theorem 1| indicates that we can obtain e-optimal policy through the transfer-learning procedure.
Notably, we can trade-off the number of target data M at the cost of the number of source tasks 7" and
number of training data per task N. In contrast, behavioural cloning can only leverage the target data
to train both the representation and the task-specific mapping. Consequently, if the representation
class ® is expressive, it is beneficial to pretrain the representation using the existing source data.

Remark 1 In practice, our policies are neural networks [Fujimoto et al., 2018, [Haarnoja et al.|
2018|, [Yarats et al., 2020]—we can consider the last layer as the task-specific mapping f and the
remaining layers as the representation ¢. These neural networks include multilayer perceptrons
and convolutional neural networks with Lipschitz activation functions (e.g. ReLU, tanh, sigmoid,
max-pooling, etc.). Their Rademacher complexities can be upper bounded based on the amount of
training data, number of layers, number of hidden units, and their parameter norms [Neyshabur et al.}
2015, Sokolic et al.l 2016, |Golowich et al., 2018, [Truong}, [2022]]. Due to lemma 4 of Bartlett and
Mendelson| [2002], our result provides a tighter bound than the Gaussian complexity used in existing
works by O(In NT') [Arora et al., [2020] [Tripuraneni et al., 2020, Maurer et al.; 2016].

4 Experiments

We aim to investigate the following questions regarding MTIL: (i) Can we achieve better imitation
performance than behavioural cloning (BC) with less target data?, (ii) How does the number of source
tasks or number of source data impact imitation performance?, (iii) How does the number of target
data influence on imitation performance compared to the number of source tasks and source data?

We implement our MTIL procedure with multitask behavioural cloning (MTBC). MTBC is first
pretrained with N source data from 7" source tasks, then finetuned with M target data (see appendix D]
for details), whereas BC is trained with only M target data. The analyses are done on four simulated
environments: frozen lake, pendulum, cheetah, and walker. We convert the continuous action spaces
into discrete action spaces described in appendix [E.I] The detailed descriptions of the implementation
and the varying environmental parameters are found in appendix |[E]} For the analysis below, we
determined that each environment requires |D| demonstrations to achieve near-expert performance
when training BC from scratch. Table|l|specifies | D| for each environment.



Table 1: The number of demonstrations | D| for each environment.
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Figure 1: The performance of MTBC as we vary N and T'. Each solid line colour corresponds to a particular
N. The solid line corresponds to the mean and the shaded region is 1 standard error from the mean.
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Figure 2: The performance of MTBC as we vary M and T'. Each solid line colour corresponds to a particular
M. The solid line corresponds to the mean and the shaded region is 1 standard error from the mean.

We first investigate questions (/) and (2). We fix the number of target data M = |D| while varying the
number of source data N and the number of source tasks 7". Figure|I)indicates that as we increase N
and T', MTBC generally improves and can outperform BC with the same number of target data. For
cheetah and walker, which are more complex environments, MTBC outperforms BC while MTBC
and BC have comparable performance in simpler environments.

To investigate question (3), we fix the amount of source data N = 8|D| while varying the amount
of target data M by multiples of |D|. For comparison we also include BC trained with 2|D| target
data. Figure[2]shows that increasing the number of target data only marginally improves imitation
performance. This result indicates that higher returns are mainly achieved by increasing the amount
of source data /N and number of source tasks 7". The latter is due to the learned representation being
more expressive than the task-specific mapping.

5 Conclusion and Future Directions

We have theoretically shown a statistical bound to recover the expert policy when transferring
representation from a set of source tasks to a target task. This bound can be directly extended
to commonly used neural networks. We have also conducted experiments to further support our
theoretical analysis. In particular our experiments show that, when we pretrain a representation
increasing amount source tasks and source data, one can reduce the amount of target data to imitate
the expert policy, compared to training from scratch. However, we still require a practical method
to quantify task diversity prior to training. Another limitation in our work is assuming that there
exists one shared representation. This assumption can be relaxed by considering the meta-learning
formulation where we allow the representation per task to be in a neighbourhood of some reference

representation [Collins et al.} 2022].
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A Related Work

Our work is heavily inspired by the theoretical analyses on transferring shared representations
across tasks [[Arora et al.| 2020, [Tripuraneni et al., 2020, Maurer et al., [2016]]. Existing works
use Gaussian complexity as the function class complexity measure when analyzing the sample
complexity bound. We use Rademacher complexity instead, which allows us to directly connect
our analysis with deep-learning theory [Bartlett et al., 2021} [Truong, |2022]. Another line of works
focuses on continuous-control problem [Guo et al., [2023] [Zhang et al., [2023]], where they analyze
structure-specific systems. Our work is similar in that we focus on connecting the source tasks and
the target task via task diversity, and providing concrete sample complexity bounds based on the task
diversity. However, we remain operating in the infinite-horizon finite MDP setting with non-linear
representation class.

B Theoretical Analysis

Our goal is to analyze the sample complexity of obtaining an e-optimal policy. The analysis contains
the following two steps: (1) establishing a sample complexity bound for achieving near optimal risk
when transferring the representation to a new target task, and (2) bounding the policy error of the
transferred policy through the transfer risk. The transfer risk is the excess risk on the target task 7:

Rt’r‘ansfer(fTa (25) = Rtest(fTa (;Aﬁ) - Rtest(f:a ¢*)7 (4)

where Rypase () = ERphase(-), for phase € {train, test} is the expectation of the corresponding
empirical risk. The expectation taken is over the randomness of the state-action pairs.
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The first step is heavily inspired by [Tripuraneni et al.|[2020] but we only leverage Rademacher com-
plexity to quantify the sample complexity bound. Our result differs in that we use only Rademacher
complexity throughout the analysis due to our assumptions. The second step leverages the fact that
our loss function is the KL-divergence that allows us to upper bound the policy error through the
transfer risk. In general, the results may include few extra constant terms including C'y, C7, and B
that follow from our assumptions. We provide the detailed assumptions and proofs in appendix [C]

First, we compare the training error between the learned representation and true representation. This
error is quantified by their similarity—Tripuraneni et al.|[2020] proposed to consider the task-average
prediction difference:

Definition 1 (7ask-average Representation Difference [Tripuraneni et al.| [2020)].) Fix a function
class F, T functions f = (f1,..., fr) € F®T, aloss function ((-,-), and data (s¢,a;) ~ fixr. The
task-average representation difference between ¢, ¢' € ® is defined as

T

dr(¢';0,F) = % Z fi,féffE(shat) [((f" 0 ¢")(st),a) = £((fr 0 D) (s1), a1)] - ©)

The error between the learned representation gZ; and the true representation ¢* can be upper bounded
by the task-average difference—the bound is dependent on the number of source tasks 7', the amount

of training data per task IV, and the Rademacher complexity of the representation class.

Theorem 2 (Learned Representation Risk Bound.) Let QB be the ERM of Rirain defined in equation

Let ¢* be the true representation and f* = (ff,..., f3) € F&T bethe T true task-specific mappings.
Under some assumptions, we have that with probability at least 1 — 0,
log(2/4)

dr (99", £*) < 8V2CFRNT(®) + 2By | =02

We now consider the test error when using the learned representation on the target task. This requires
a different notion of similarity—Tripuraneni et al.| [2020] proposed to consider the worst-case
task-specific mapping in F.

Definition 2 (Worst-case Representation Difference [Tripuraneni et al.| 2020|].) Fix a task T, a
function class F, a loss function ((-,-), and data (s,a) ~ pir=. The worst-case representation
difference between ¢, ¢’ € ® is defined as

dr 7 (' ¢) = sup Anf Bsa) (70 ¢)(5), a) = U(f © 9)(5), a)]. (©)

eF

We can then use definition [2] to upper bound the generalization error for the transfer phase ERM
estimator:

Theorem 3 (Transfer Risk Bound.) Let fT be the ERM of Ricst defined in equation Elwith some fixed
¢ € ®. Under some assumptions, then with probability 1 — 6,

o A Nog(2/3) -
Rtransfer(f‘m (b) < 80]:0@ M +2B M + dﬂf(¢7 ¢ ) (7)

We connect the training error of the learned representation g{) with the transfer risk via the notion of
task diversity similar to the one defined by [Tripuraneni et al.|[2020]:

Definition 3 (o-diversity.) Let o > 0 and fix a task T. Fix a function class F, T functions f =
(fi,...,fr) € F®T. The T tasks are o-diverse for representation ¢, if for all ¢' € ®, we have that

dT’]:(CbI; ¢) < J]—'((ZS/; o, _f)/g

Intuitively, if the T source tasks differ too much from the new task, then inequality only holds with
small o. In other words, there is little diversity. Another perspective is that any ¢’ is overfitted to the
T tasks and is unable to generalize to the new task. Conseqeuntly, combining theorems [2]and 3] we
get the following sample complexity bound:



Corollary 1 (Learned Representation Transfer Risk Bound.) Let (b be the ERM of Rirain defined

in equatlonand let fT be the ERM of Riest defined in equatlonlby fixing QS Suppose the source
tasks are o-diverse. Under some assumptions, we have that with probability 1 — 20, the transfer risk

Riransfer( fT, czAS) is upper bounded by:

<Cfc \/IT \/log 2/0) | (cfm 7(®) + B logjfT/(s)» ®)

Corollary [1]tells us that so long as we can bound the task-average representation difference, we can
achieve e-error with sufficiently large number of demonstration data in the target task. Furthermore,
if the source tasks are not diverse, then we will need more samples from them to reduce the error.
Finally, since the log loss is the KL-divergence with deterministic experts, we can use the result from
Xu et al.|[2020] to obtain the policy error of the policy induced by the transfer-learning procedure:

Theorem 4 (Policy Error Bound [Xu et al, 2020].) Given any two policies w, 7' with
Esm, [Dicr(m(s)[|7'())] < & we have that [[o™ — 0™ [l < 225 /E.

Thus, by theorem T} for specific representation class, we can upper bound their Rademacher com-
plexities and retrieve a concrete sample complexity bound to achieve e-optimal policies with high
probability.

C Detailed Proofs

In this section we provide the proofs for the theorems in appendix |B| We first list out our assumptions
(appendix [C.T)), then a few known lemmas and definitions used (appendix [C.2)), and finally the proofs

of our theorems (appendices [C.3HC.6).

C.1 Assumptions

In the analysis, we offload the softmax function to the loss, then we can define a new loss function
that can be used for analysis. That is, let z € RP, then we define the log-softmax loss to be

{(z,a) = —log (softmax,(z)) , ©)

where softmax, (z) corresponds to the a’th component of softmax(x). We further make the follow-
ing assumptions for the analysis.

Assumption 1 (Bounded Representation.) The representation ¢ € P is bounded in {3-norm: ® C
{¢:S = RP|||¢(5)]|2 < C3p,Vs € S}.

Assumption 2 (Linear Task-specific Mapping and Bounded Parameters.) The task-specific mapping
is linear and is bounded: F = {f : RP — RIAl|f = Wa, W € RIAXP |W|r < CF,x € RP},
where ||-||  is the Frobenius norm

Assumption 3 (Deterministic Expert Policies.) The expert policy 7% for each task T is deterministic
and can be written as 75(s) = Ly—arg maxy 4 (frop+)(s) Jorall s € S.

Assumption 4 (Shared Representation.) There is a representation ¢* such that for every task T,
there exists a task-specific mapping f* such that the discounted state-action stationary distribution is

Mﬂ',’; (Sa a)'

Assumption 5 (Realizability.) The true shared representation ¢* is contained in ®. Additionally, for
some fixed ( < 1/2, we have that for all tasks T, there exists a task-specific mapping f. € F such
that for all s € S,

w9 (a*|s) > 1 - ¢,

* *
where a* = arg max,c 4 72 (5).



Note that for any infinite-horizon MDPs, there always exists a deterministic optimal policy, thus
assumption [3]is often reasonable to obtain. With the recent successes in foundation models in various
applications [Bommasani et al., 2021}, [Wei et al., 2021}, |Ouyang et al., [2022], both assumptions E]and
[5|may be reasonable. We note that our results also apply when replacing assumptions [3|and 5| with
the standard realizability assumption on stochastic expert policies. Finally, assumptions [I|and 2] are
standard regularity conditions in statistical learning theory—we further note that consequently the
composed mapping f o ¢ is bounded: sup, ) csx.al(f ©¢)(s)| < Cs, forany f € F and ¢ € ©.

C.2 Useful Definitions and Results

Definition 4 (Rademacher Complexity.) For a vector-valued function F = {f : X — RX}, and N

data points X = (21, ...,xN), where x, € X for n € [N], the empirical Rademacher complexity of
F is defined as
N K
Rx(F) =E. [sup — En,kfk Tn)|
(F) =E. SUp ; ’; (zn)

where €, i, are sampled i.i.d. from the Rademacher random variable and f(-) is the k’th component
of f(+). Fix a data distribution Dy over X. The corresponding Rademacher complexity of F is

defined as Ry (F) = Ex [E)A?x (F )] where the expectation is taken over the distribution Dy. In the
case of K = 1, we recover the scalar Rademacher complexity.

Intuitively, the Rademacher complexity of F measures the expressiveness of F over all datasets X.

Proposition 1 With assumptions[l|and[2} the log-softmax loss, defined in equation[9) is bounded and
Lipschitz (continuous) in its first argument.

Proof: For the first claim, we first fix (s,a) € S x A. Let ¢, = ¢(s) € RP and x, = W¢,. Then,
we have that

— log (softmax, (7)) = — (W¢s) (a) +log Y exp [(Wes) (a)].
a’eA

Let a* = argmax, 4 W and overload the notation (W ¢s)(a) = ¢] W " a, where a is a one-hot
vector with non-zero at the a’th entry. Then, the second term can be upper bounded:

log Z exp [¢p) W'd'] <log Z exp [¢, W' a"]
a’eA a’€A
= log|A| + ¢ W Ta*.
Thus,
—log (softmaxg(zs)) < —¢) W'a +loglA| + ¢) W a*
< log|A| 4 26] W Ta*.

Taking the supremum norm over S x .4, we have that

sup — log (softmax,(xs)) | < sup ‘ log|A| + 26, WTa?
(s,a)eSXA (s,a)eSxA

<loglA|+2 sup |¢pJW a*

(s,a)eSxA
< log|A| +2CsCx,
where the last inequality follows upper bounding the second term through Holder’s inequality, setting
both norms to be the 2-norm. This verifies the boundedness of the log-softmax loss.

For the second claim, we can bound the gradient of the log-softmax loss with respect to the first
argument and apply mean-value theorem. Let us first consider the partial derivatives of /(x, a). Let
x; be the i’th component of x. For any # € R, we have that

. expala T
D pgya)| ——ZwAOPTCD ) e

oz; i=a Yweaexprla 0x; i#a  Yogeaexpxlal’
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where we overload the notation and represent a’ € A as a one-hot vector. Then, consider the £2-norm
of the gradient, we have that:

Ea’#a €Xp z'a > ’ Ea’#a (exp xTa/) ’
+

Yweaexprla (Y weaexp xTa’)2

TN 2
<2 (Za/?&aexpx a')

IVat(z, )3 = (—

Yweaexpzla
=2

)

where the first inequality follows from Jensen’s inequality. Consequently, by mean-value theorem,
we have that |/(z,a) — £(y,a)| < v2||z — yl|2, for any =,y € RP, verifying the Lipschitzness of
the log-softmax loss in its first argument. ]

Proposition 2 Let { be the log-softmax loss defined in equation[9and f € F. Under assumptions|]|
and |2} the function ho(¢(s)) = £(f(¢(s)),a) is Lipschitz in ¢(s), for any s € S.

Proof: We first note that /4 (¢,) can be written as log >, 4exp (b' Wo,) — a' We,, where
bs = ¢(s) € RP, and we overload the notation and write a, b as the one-hot vectors.

For the first term, the /5-norm of its gradient with respect to ¢, can be upper bounded by C'z:

ST wa wy
, - Yopexp (bTWo,)
= | W Tsoftmax (W ¢s)||2

< W] p[lsoftmax (W ¢s)lla
< Cr.

V. log > exp (b Wo,)
be A

For the second term, the />-norm of its gradient with respect to ¢5 can be upper bounded by C'~:

IVo,a" Wosll2 = W all2 < [Wllrllal2 < Cr.
Since the first term is convex and the second term is linear, h, (¢s) is 2C#-Lipschitz. g

Definition 5 (Bounded Difference Property.) The function f : RY — R satisfies the bounded
difference inequality with positive constants (L1, . .., Lx) if, for eachn € [N],

sup If(x1, . @ny ey xn) — flor, . 2l o an)| < L. (10)

T1,...,x N,z ER

Lemma 1 (McDiarmid’s Inequality/Bounded Difference Inequality.) Fix a data distribution Dy.
Suppose | satisfies the bounded difference property defined in equation[10] with positive constants
Ly,...,Ly and that X = (X1, ..., Xn) is drawn independently from Dy. Then

2
n=1"n

B[If(X) — Ef(X)| > 1] < 2exp (;) >0,

Proof: We refer the readers to corollary 2.21 of [Wainwright|[2019]] for the proof. (]

Theorem 5 (Rademacher Complexity Bound.) Fix a data distribution Dx and parameter § € (0, 1).
Suppose F C {f : X — [0,B]} and X = (X1,...,Xy) is drawn i.i.d. from Dy. Then with
probability at least 1 — § over the draw of X, for any function f € F,

< 20y (F) + By OB (1)

1 N
Eanpy [f(@)] =~ f(Xn) 2n
n=1

11



Proof: This result follows closely to the proof of Theorem 10 in Koltchinskii and Panchenko|[2002],
where the only modlﬁcatlons come from applying B-boundedness of f when applying McDiarmid’s
inequality (i.e. L,, < £,Vn € [N].) O

Theorem 6 (Vector-contraction Inequality [Maurer, 2016|].) Let x1,...,an € X, F C{f : X —
RP} be a class of functions, and h,, : RP — R to be L-Lipschitz, for all n € [N). Then

lsup 2571 n -Tn ] < \[LE lsupzzsd nfd xn )

fer d=1n=1

where ey, €4, are i.i.d. sequences of Rademacher variables, and fq(x,,) is the d’th component of

f(@n).

Proof: We refer the readers to theorem 3 and corollary 4 of Maurer| [2016]] for the proof. ]

C.3 Proof of Theorem

Theorem [2] states the following:

Let (;5 be the ERM of Rirain defined in equation |1 l Let ¢* be the true representation and f* =
(ff,. ., fr) e f ®T pe the T true task-specific mappings. If the assumptzonsto @hold then with
probability 1 —

dr (0", f*) < 8V205RN1 () + 2B Log(2/5)

2NT
Proof: The proof follows closely from the analysis of | Tripuraneni et al.|[2020]]. First, recall that
(b, f are respectively the ERMs of equation |1| and equatlon For any T task-specific mapplngs
f = (f1,..., fr) and arepresentation ¢'. Let f* = (ff,..., f7) be the true task-specific mappings
and ¢* be the true shared representation. We define the centered training risk and its empirical
counterpart respectively as:

~

> B [(7 (50),a0) = 6709 (1), 1)

t=1

Nl

L(f'. ¢, f".¢") =

H\H
[M]=

L(f. ., ") (7 (stm): @0in) = Egsyany [0 (50), )] ) -

t=1n=1
Define f = &+ 327 arginff,c 7 Eq, 0, [E(ﬂf“q;(st), ar) — U7l 97 (s4), at)} to be the minimizer

of the centered training risk by fixing ¢. Then, we have that L(f, ¢, f*, ¢*) = dz(¢; ¢*, £*). Now,
we aim to upper bound dr(¢; ¢*, f*) through the difference in the centered training risk:

Jf((£7¢*7.f*) = L(faqj)af*ﬂ(é*) - L(.f*’(b*).f*a(b*)
= L(f, 0, f*,¢") — L(f, &, f*,&") +L(f, 6. f*,0") — L(F*, 0", f*. "),

<0

where the first difference is non-positive by definition of f . Thus, it remains to bound the second
difference, which can be done via standard risk decomposition. First, recall that:

T N
Rtram fv E § St n at,n)a

Rirain(§,8) = E [Rm«m as)] -

12



Then, we have that

L(f,ﬂg,f*7¢*) - L(f*7¢*7.f*a¢*) :L(f7(57f*7¢*) - ﬁ(faqgv.f*7¢*)
—i—f/(f,é’f*’d)*) - i/(f*7¢*af*7¢*)
+E(f*7¢*7f*7¢*) _L(f*v¢*7f*a¢*)

%L(fvémf*?(é*) _[A’(fﬂéhf*a(b*)
+L(f, 6% f7,¢7) = L(f*, 6" f*,6")

§2 sup |Rtrain(f» ¢) - Rtrain(f*a QS*)‘
FEFROT ped

) log(2/6
<2 <2mNT(€O]:O ®)+ B 55\/';“)) w.p. 1 — 9,

where in (i) the second difference is non-positive due to assumptions [3|and[5}, (ii) is a result of theorem
[l where we used proposition|[I}

We now bound the Rademacher complexity term Ry (£ o F o &) Note that £ o F is 2C'x-Lipschitz

by proposition thus by theoremlEI, we have that Ry7(£ o F o ®) < 2¢/2C R (P). Substituting
this upper bound into the above, we get that with probability at least 1 — 4,

7 Lk * 10g(2/6)
dr(¢; 0%, f*) < 8V205Rn1(®) + 2B —NT

C.4 Proof of Theorem

Theorem [3]states the following:

let fT be the ERM of Ricst defined in equationwith some fixed q% € ®. Ifthe assumptionsm
hold, then with probability 1 — 6,

PO / /1 1) -
Rtransfer(fv’a ¢) S 80]-'C<I> L]V\y + 2B % + dT,f(¢; (b*)

Proof: The proof follows closely from the analysis of [Tripuraneni et al.| [2020]. First recall that:

Rtransfer(f‘rv (ZB) = Rtest(f‘rv QB) - Rtest(f:a ¢*)7
Rtest (fv d)) = ]E [Rtest(fv ¢):| 9

) 1 U
Rica(f,0) = 37 D U(f 0 8)(sm), am),

f = arg min Rtest(fv (Z))
feF

Consider the minimizer of the test risk given the estimated representation ¢: f* =

argmin ;e = Riest(f, ¢). Then, we have that

Rtest(f‘ra é) - Rtest (f:» ¢*)
= Rtest(f‘ra é) - Rtast(f:7 é)) + Rtest( A:v (ZB) - Rtest(f:a ¢*) .
(a) (b)

13



We bound the term (a) via standard risk decomposition:

Rtest(f‘ra ) Rtest( A:7 )
:Rtest( A‘ra A) Rtest(f‘ra ) + Rtest (f‘m ¢) Rtest( 7¢) + Rtest( -;—k (ZAS) - Rtest( :7 (b)

%Rtest(f'rv (b) - Rtest(fTa ) + Rtest( ¢) - Rtest(f:v ¢)
§2 Sup|Rtest (f? qg) - Rtest(fv (b)‘
fer

29 <29%M(€o.7-') +B bgﬁf”) w.p. 1 -6,

where (i) follows from the fact that f is the empirical test risk minimizer by definition—clearly
Riest(fr, (;5) Rtest( , @) < 0; (ii) is a result of theorem

We now bound the Rademacher complexity term PR/ (£ o F). Note that £ is v/2-Lipschitz in its first
argument for every a € A from proposition (I} By theorem |6, we have that R, (£ o F) < 298, (F).
Thus, substituting this upper bound into the above, we get that with probability at least 1 — 6,

loa(2/8)

Rtest(frv ¢) Rtest(f ¢) < Sm]\/[ (]:) + 2B 2M

Now, by assumption[2] F is the class of linear functions with bounded Frobenius norm. Consider the
empirical Rademacher complexity g (F):

Al M

9AﬁiS(*’T_.) = 7E Supz Z 5amfa ¢m

a 1m=1

o 1 M
< 3707\ 1A X lonl
i 2
g /|A\C
\A
<
CrCs A

where (1) follows from section 4.2 of Maurer]| [2016] and applying the Frobenius norm to the in-
equality; (ii) follows from the fact that ¢, = &(Sm), Sm ~ Va, thus ||pm ||z < Co by assumptionm

Consequently, taking the expectation over X we get Ry (F) < CxCor/|A|/M.

We can bound the term (b) as follows:

Rtest (f:a é) - Rtest(f;—kv ¢*)
= lnf Rtest(fv é) - 1/an RtS’St(f/? (b*)
< sup mf Rtest(f ¢) - Rtest(f/a ¢*)
freFfer

=dr(¢; 9").

Finally, by comining both (a) and (b) terms, we conclude that with probability at least 1 — 6,

. A .. [1og@2/%) :
Rtransfer(f‘m ¢) < SC]:CCP M +2B IM + d‘r,]:(¢ (b )
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C.5 Proof of Corollary

Corollary [T] states the following:

Let qb be the ERM of Rtmm defined in equation (I I and let fT be the ERM of Rtest defined in
equanonlby fixing ng Suppose the source tasks are o-diverse. If the assumpnonsltolhold then
with probability 1 — 26, Riransfer( fT7 is upper bounded by:

<c cu \/|7 [log( 2/5 (Cme @)+ B log]\(é{é))).

Proof: Set the probability of bad events of theorems [2]and [3|to be § each. We obtain the desired
results by taking complment of the union bound over the bad events and merging the terms. ([

C.6 Proof of Theorem

Theorem [I] states the following:

Let QAS be the ERM of Rtrai'n defined in equationand let fT be the ERM of Rtest defined in equation

by fixing gZ; Suppose the source tasks are o-diverse. Under assumptions|l|to|5| we have that with
probability 1 — 26,

T softmax(f,o¢ 2\[
|| — peoftmax(fred)) < -~ 5V Egen + 2, (12)

where € gep, is the RHS ofequation@

Proof: Our goal is to apply theorem Let 7 = 7* and ' = softmax( fT ) q?)), we need to bound
their expected Kullback-Leibler (KL) divergence. To accomplish this, note that theorem [3] essentially
means that we can bound the test risk:

Rtest(f‘n (ZB) < Egen + Ebest (13)

where € 4¢,, is the RHS of equatlonland Chest = Rtegt( ,@*). Indeed, Ryest( fT, (,ZAS) is the expected
KL divergence between 7 (s) and softmax(f; o ¢)(s):

Rtest(fﬂ 92)) = E(s,a)f\zuﬂ; |:_ IOg SOftmaXa(fT o QS) (5)}
= Eomr,. | Dicr(ms(s)|softmax(f; o 6)(5))] -

Finally, note that assumptions[3|and [5]imply that we can assume f* € F, thus we have that:

Ebest = Rtest(f*, ¢*)
< mi *
=~ }rg‘g Rtest(fa ¢ )

< E(s,a)wuﬂi [* 1Og(1 - C)}

<2,
where the third lines come from assumptlonland last inequality comes from — log(1 — x) < 2z for
x < 1/2. Finally, we upper bound ¢ 4., using corollary I 1|and get the desired result. 0

D Algorithm Details

In this section we provide details on the implementation of the multitask behaviour cloning (MTBC)
algorithm used to obtain the results highlighted in sectlonE} Recall that in the training phase we aim

to obtain a shared representation ng by minimizing Rirain, as described in equatlonl As proposed
by [Arora et al.,[2020], this can be done by solving the following bi-level optimization objective:

N

(b = arg min — Z min N Z (7($t,n), Gen), (14)

n=1
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Algorithm 1 Multitask Behavioural Cloning (MTBC): Training Phase

1: input: Number of epochs K, T' expert datasets {Dt}tT:I, where |D;| = N, and learning rates 7,
and nyy.

T
Initialize parameters for each of the T task-specific mappings: {Wt(o) |

Initialize shared representation parameters ¢(©).
fork=1,...,K do
Compute loss:

T N
(k) k)T _ 1 Wwk=D p=1)
£ (0. L) = e (tahain).(5)
6: Update parameters:
_ k
0 = 60 — Vot (6 (VYL )

W WD s ((b(k)’ {Wt(k)}thl) vt € [T).

7: return ¢.

Algorithm 2 Multitask Behavioural Cloning (MTBC): Transfer Phase

1: input: Representation ¢, number of epochs K, expert dataset D, where |D| = M, and learning
rate Ny .

2: Initialize parameters of the task-specific mapping: WT(O).
3:fork=1,...,K do

Compute loss: £ (¢, W) = 3 0 ¢ (7% 0(s), a1
5: Update parameters: Wik = Wk nwVwL (qb, WT(k)),

6: return W (5),

where (s ., as,,) is the n’th state-action pair in the #’th expert dataset and £ : A4 x A — [0, 0)
is the loss function. MTBC optimizes equation [[4] through a gradient-based approach on a joint
objective equation (see algorithm . During the transfer phase, MTBC fixes the representation g%
and minimizes Rtest (f, qAS), as described in equation this can be done via BC where we set the loss
function ¢ to be the cross-entropy loss for discrete action space and mean-squared loss for continuous
action space. In practice, since f is a linear function parameterized by W, MTBC propagates the
gradient to update W (see algorithm [2)).

E Implementation Details

In this section, we describe in detail the implementation of our experimental analysis.

E.1 Environments

We perform our experiments on four tasks: frozen lake, pendulum, cheetah run, and walker walk. The
first two environments are based on Gymnasium [Towers et al., 2023|] and the latter two are based
on Deepmind control suite [Tunyasuvunakool et al.,[2020]. To bridge the theory and practice, we
provide a discrete action space variant for the continuous environments to validate our hypotheses.
While in general discretizing action space may exclude the true optimal policy [Dadashi et al., [2022,
Seyde et al., 2021} 2022]], our goal is to demonstrate that MTBC can obtain the expert policy with
less target data when compared with BC. Thus, we argue that not having the true optimal policy still
validates our goal so long as the expert policy is non-trivial. To generate multiple source tasks with
shared state and action spaces, we modify phyiscal properties of the environment. All environmental
parameters are sampled from uniform distributions of bounded ranges.
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Figure 3: The set of environments used for the experiments. From left to right: frozen lake, pendulum,
cheetah, and walker.

Frozen Lake The frozen lake task requires an agent the navigate through a 8 x 8 grid with non-
deterministic transitions. The action space is the set {LEFT, DOWN, RIGHT, UP, STAY }. To vary
the tasks, we modify the initial state, the goal state, and the transition function.

Pendulum The pendulum task requires an agent to swing and keep the link upright. The default
action space is the torque of the revolute joint between [—2, 2]. The discretized action space is the set
{0,+£273,...,, 42!} (i.e. 11 actions.) This allows the agent to perform large-magnitude action for
swinging the link up and to perform low-magnitude action for keeping the link upright. To vary the
tasks, we modify the maximum torque applied to the joint.

Locomotion Both the cheetah-run and walker-walk tasks require an agent to move above a specified
velocity. The latter task further scales the velocity based on the height of the agent. The default action
space is the torque applied to each of the joint, all bounded between [—1, 1]. The discretized action
space is the set {—1,1} per joint (i.e. Bang-Bang control ,) thus we have 24(4)
actions after discretizing the action space—we emphasize that we use softmax policies as opposed to

per-dimension Bernoulli policies. To vary the source tasks, we modify the links’ size and the joint
parameters.

E.2 Generating the Experts and Demonstrations

In this section we describe how we generate the experts for all environments. We first obtain the
expert policy w2 for each environment using the default environmental parameters. Then, to
obtain the expert policy 7% for each environmental variant, we initialize 7"¢ using w%¢/*!* and
resume training. This pretraining strategy speeds up training on new envrionment variant, as opposed
to training a new policy from scratch. We use Proximal Policy Optimization (PPO)
to train the expert policies for all environments. In general, all PPO policies are trained using
Adam optimizer [Kingma and Ba,[2015]]. We further use observation normalization and advantage
normalization, as commonly done in practice [Engstrom et al., 2020, [Hsu et al, 2020].

To gather the demonstrations, we execute the expert policies and deterministically select the action
with highest logits. In practice, there is a time-out /7 for all environments even though in theory they
are infinite-horizon MDPs. We gather a total of [ N/H | length H time-out episodes and trim the
extra N mod H samples, which is more practical and time efficient, and similar to how practitioners
leverage data in real-life applications.
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